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Abstract
Stone duality between boolean algebras and inverse limits of *nite sets is extended to a duality
between locally *nite MV-algebras and a category of multisets naturally arising as inverse limits
of *nite multisets.
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1. Introduction
Finite multisets are de*ned in combinatorics as pairs (X; ), where X is a *nite set
and  :X → N = {1; 2; 3; : : :} is a map assigning a *nite multiplicity to each element
of X (see, for instance, [1], [24, p. 464], [20]). MV-algebras were introduced by
Chang [7,8] as the algebraic counterpart of  Lukasiewicz in*nite-valued logic. They
form a variety (or equational class) of algebras which, as a category, is equivalent to
the category of lattice-ordered abelian groups with a distinguished strong order unit
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[27]. Locally *nite MV-algebras are *ltered colimits (also known as inductive limits
over a directed poset) of *nite MV-algebras. In fact, the category of locally *nite
MV-algebras is the category of ind-objects (in the sense of [2]) over the category of
*nite MV-algebras (see [10, Section 5]).
If we de*ne a morphism from the multiset (X; ) to the multiset (Y; ) to be a map
f :X → Y such that (f(x)) is a divisor of (x) for each x∈X , then we obtain an
equivalence between the opposite of the category M of *nite multisets and the cate-
gory of *nite MV-algebras and homomorphisms. This extends the well-known duality
between *nite sets and *nite boolean algebras (see [10, Section 3]).
The main aim of this paper is to de*ne a category C (whose objects we call multi-
sets) having M as a full subcategory, and such that Cop is equivalent to the category
LFMV of locally *nite MV-algebras and homomorphisms.
Several generalizations of *nite multisets have been considered in the literature,
but they are all substantially diGerent from the notion introduced in this paper. For
instance, the objects in Monro’s [26] category of multisets are possibly in*nite sets
with an equivalence relation, but no numerical multiplicity. In the same paper Monro
also considers sets with numerical multiplicities, called multinumbers, but explicitly
remarks (p. 176) that there does not seem to be any particular point in trying to view
them as a category. Blizard [5] deals with in*nite multisets in his attempt to generalize
Zermelo–Fraenkel set-theory. However, the categorical properties of his multisets are
not considered.
Stone duality for boolean algebras suggests that an object of C should be a Stone
space S (i.e., a totally disconnected compact HausdorG space) equipped with a con-
tinuous function assigning a “multiplicity” to each point of S. Our multiplicities are
identi*ed with supernatural numbers. A supernatural number is a function  :P →
{0; 1; : : : ;∞}, where P denotes the sequence of prime numbers. Under various de-
nominations, supernatural numbers are frequently used in the literature as classi*ers
[28,3,16,29], [17, Chapter XIII, Section 85]. The set G of supernatural numbers is
equipped with the pointwise order and the Scott topology. Regarding  as a list of
exponents for the sequence of prime numbers, supernatural numbers are often consid-
ered as in*nite formal products of (possibly in*nite) powers of prime numbers. The
fundamental theorem of arithmetic allows us to identify each natural number n with
a *nite supernatural number n. Natural numbers are here considered with the partial
order of divisibility, not with their usual total order.
We de*ne the category C of multisets as follows: objects in C are pairs (S; u) with
S an arbitrary Stone space and u a continuous map from S into G . Morphisms are
multiplicity decreasing continuous maps. Our results in this paper are to the eGect that
C is the category of pro-objects 1 (in the sense of [2]) over the category M of *nite
multisets (see [10, Proposition 5.2]).
This paper is organized as follows: In Section 2 we recall some basic notions on
locales and on MV-algebras that are needed in the sequel. In Section 3, we establish
an isomorphism between the lattice of supernatural numbers and the lattice of ideals of
1 Readers unexperienced in category theory are referred to the Appendix of [10] for an accessible presen-
tation of Grothendieck’s theory of ind-objects.
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the (distributive) lattice of divisibility of the natural numbers. This gives an intrinsic
characterization of the lattice G of supernatural numbers, that we have been unable
to *nd in the literature. A key elementary result is that, upon equipping G with the
Scott topology, the continuous functions from any topological space X into G form
a locale under the pointwise order (Corollary 3.5). It follows that the category C
has all inverse limits. In Section 4, we overview basic constructions and ideas of
duality theory applied to the case of MV-algebras, and in doing so we *x notation and
terminology. We prove some technical results on MV-algebras of continuous functions
that we apply in Section 5 to characterize locally *nite MV-algebras as MV-algebras
of continuous functions of *nite range over a Stone space. We also show that the
category LFMV of locally *nite MV-algebras and homomorphisms has all (inverse)
limits (that need not coincide with the limits taken in the category MV of MV-algebras
and homomorphisms). In Section 6, we prove the main results of the paper, namely the
equivalence of the categories Cop and LFMV. An important role in our proof is played
by the category E of HausdorG sheaves of rational MV-algebras over Stone spaces
(equivalently, in the terminology of universal algebra, boolean products of rational
MV-algebras). As a matter of fact, the categories Eop and LFMV, as well as the
categories E and C, are equivalent. A crucial step in the proof is to show that a
HausdorG sheaf of simple MV-algebras over a Stone space S can be continuously
embedded into the product [0; 1]× S, were the real segment [0; 1] is endowed with the
usual topology (Lemma 6.4). Upon restriction to multisets with unit multiplicity (i.e.,
constant maps from Stone spaces to the smallest supernatural number 1) our duality
coincides with Stone duality between Stone spaces and boolean algebras. Finally, in
Section 7 we identify the subcategories of C that correspond (under the duality of
Section 6) to several familiar subcategories of locally *nite MV-algebras. We also
briePy consider the category obtained from the alternative de*nition of multiplicitiy
based on the usual total order of N , rather than the divisibility order. We show that
the resulting multisets classify only those locally *nite MV algebras associated to a
single prime number.
Throughout this paper, the symbols Z , Q and R shall, respectively, denote the
additive groups of integer, rational and real numbers, endowed with their usual order.
2. Basic ordered structures
2.1. Locales
A locale [22] is a complete lattice in which *nite meets distribute over arbitrary joins.
By de*nition, a morphism of locales  :E → H is a function  that preserves *nite
meets and arbitrary joins. The category of locales will be denoted by L. Locales are
complete Heyting algebras, but morphisms of locales need not preserve the implication
operation. Recall that an ideal of a lattice L is a nonempty subset I ⊆ L, closed under
the join operation and such that x∈ I implies x ∧ y∈ I for all y∈L. Equivalently, I
is a nonempty downward closed subset closed under *nite joins. Given a distributive
lattice L, the set of all ideals of L, ordered by inclusion, is a locale, that we denote
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by I(L). An ideal I is principal if there is an element z ∈L such that I = (z] :=
{x∈L|x6 z}. The map x 
→ (x] is a morphism of lattices, that we denote by L h→I(L).
It is universal in the sense that given any locale H , composition with h determines
an order-isomorphism Morph(I(L); H) → Morph(L; H). This property characterizes
h and I(L) up to locale isomorphisms (here, Morph denotes the set of morphisms
of locales and distributive lattices, respectively, with the pointwise order). In addition,
L h→I(L) is a dense 2 embedding, and, I(L) satis*es all the lattice equations that are
satis*ed by L (see, for instance, [13, Chapter 9]).
2.2. MV-algebras
An MV-algebra is a structure 〈A;⊕;@; 0〉; where 〈A;⊕; 0〉 is a commutative monoid
with neutral element 0, satisfying the following equations: @@x=x, x⊕@0=@0, and
@(@x ⊕ y)⊕ y = @(@y ⊕ x)⊕ x: (2.1)
See [9] for a comprehensive account of MV-algebras. 3 The real unit interval [0; 1]
endowed with negation @x = 1 − x and truncated addition x ⊕ y = min(1; x + y) is
an MV-algebra. The de*ning equations of MV-algebras express all equational proper-
ties of this concrete model (Chang completeness theorem [8], also see [9, Section 2]).
Eq. (2.1), in particular, states that the maximum operation over [0; 1] is commutative.
Upon adding x ⊕ x = x to the equations of MV-algebras, one obtains the variety of
boolean algebras. Thus MV-algebras may be regarded as a non-idempotent equational
generalization of boolean algebras. We shall use the following notation:
@0 = 1; x  y = @(@x ⊕@y); x ∨ y = (x @y)⊕ y;
x ∧ y = @(@x ∨@y): (2.2)
For every MV-algebra A, 〈A;∨;∧; 0; 1〉 is a bounded distributive lattice with 1 and 0 as
top and bottom elements, respectively. For instance, a routine veri*cation shows that
the underlying lattice order of the MV-algebra 〈[0; 1];min(1; x + y);@; 0〉 coincides
with the usual order. Trivially, in this MV-algebra x ⊕ y = min(1; x + y) is diGerent
from x ∨ y = max(x; y). By contrast, in any boolean algebra (i.e., in any MV-algebra
satisfying x ⊕ x = x) the operation ⊕ collapses to ∨, and the operation  to ∧, thus
recovering the familiar structure.
If G is a lattice-ordered abelian group (‘-group for short) and u is a strong order unit
of G, (G; u) denotes the MV-algebra 〈[0; u];⊕;@; 0〉 where [0; u] := {x∈G|06x6u}
and the operations ⊕ and @ are de*ned as follows:
x ⊕ y := u ∧ (x + y); and @x := u− x:
MV-algebras of the form (G; u) are the most general examples of MV-algebras.
Indeed, it was shown in [27] (see also [9, Section 7]) that  de*nes an equivalence
between the category of MV-algebras and homomorphisms, and the category whose
objects are ‘-groups with a distinguished strong order unit and whose morphisms
2 In the sense that every ideal is the join of all the principal ideals generated by its elements.
3 Every MV-algebra A considered in this paper shall be nontrivial, in the sense that A = {0}.
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are unit preserving ‘-group homomorphisms. In particular, we have 〈[0; 1];min(1; x +
y);@; 0〉=(R; 1). The next lemma, that we state for further reference, can be proved
with arguments quite similar to those used in the proof of [27, Theorem 3.8].
Lemma 2.1. Let S be a subalgebra of the MV-algebra (G; u), and H be the sub-‘-
group of G generated by S. Then S = (H; u).
Notation. When dealing with elements x∈(G; u), the notation nx may ambiguously
represent both x + · · ·+ x, where + is the addition in G, or x⊕ · · · ⊕ x. To avoid any
danger of confusion, we will adopt the following notation:
n:x =
n times︷ ︸︸ ︷
x ⊕ · · · ⊕ x = u ∧ (
n times︷ ︸︸ ︷
x + · · ·+ x) = u ∧ nx:
The MV-algebra 〈[0; 1];min(1; x+y)@; 0〉, will be simply denoted by [0; 1]. Moreover,
Q ∩ [0; 1] will denote the subalgebra of [0; 1] formed by the rational numbers, and
for each n = 1; 2; 3; : : : ;Ln+1 will denote the *nite algebra of fractions in [0; 1] with
denominator n:
Ln+1 =
{
i
n
; for i = 0; 1; 2; : : : ; n
}
⊆ Q ∩ [0; 1]: (2.3)
Let S(Q) be the set of all subgroups S of Q such that 1∈ S, and let MV(Q) be
the set of all rational MV-algebras, i.e., all subalgebras of the MV-algebra Q ∩ [0; 1].
Once S(Q) and MV(Q) are ordered by set-theoretic inclusion, it follows that the
correspondence S 
→ (S; 1) is an order-isomorphism between these two sets (see [9,
Theorem 3.5.1 and Corollary 7.2.6]).
3. Supernatural numbers and multisets
3.1. The locale G of supernatural numbers
The set N ={1; 2; 3; : : :} of natural numbers, equipped with the divisibility order, be-
comes a distributive lattice, denoted Nd. Given two natural numbers m and n, the join
m∨n is their least common multiple and the meet m∧n is their greatest common divisor.
Denition 3.1. A supernatural number is a function  :P → {0; 1; : : : ;∞}, where P
denotes the sequence of prime numbers. For any two supernatural numbers  and ,
we write 6  iG (p)6 (p) for all p∈P.
Regarding  as a list of exponents for the sequence of prime numbers, supernatural
numbers can be seen as in*nite formal products of (possibly in*nite) powers of prime
numbers, and their order relation as the natural extension of the divisibility order.
In Proposition 3.2 below, supernatural numbers shall be used to give a concrete
realization of the lattice I(Nd). Under various denominations, supernatural numbers
are frequently used in the literature as classi*ers [28,3,16,29], [17, Chapter XIII, Section
85]. The fundamental theorem of arithmetic allows us to identify each natural number n
with the supernatural number n, such that, for each p∈P, n(p) is the greatest integer
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k¿ 0 such that pk divides n. The supernatural numbers of the form n, for n∈N ,
are said to be =nite. Hence supernatural numbers can be considered as generalized
multiplicities.
The set of supernatural numbers form a locale (thus a complete Heyting algebra),
denoted G . We denote by G*n the sublattice of G given by the *nite supernatural num-
bers. The map  :Nd → G given by n 
→ n is a morphism of lattices. Since m divides
n iG m6 n, the map  is an embedding, and it is immediate to see that  determines
a lattice-isomorphism of Nd onto G*n. For each I ∈I(Nd) let the generalized natural
number I be de*ned by stipulating that, for each prime p,
I (p) =
{∞ if pk ∈ I for all k ∈N ;
the greatest integer k such that pk ∈ I otherwise:
Notice that for all n∈N , n = (n]. The correspondence I 
→ I , that we shall also
denote by , is an order-isomorphism between I(Nd) and G . We actually have:
Proposition 3.2. There is a commutative square
Nd
h I(Nd)
Gfin G
 
where h(n) = (n], and the arrows  (de=ned above) are a lattice and a locale isomor-
phism respectively. In particular, the locale G together with the map  :Nd → G is
characterized by the universal property of Section 2.
As already noted, the ideals of the lattice Nd can be identi*ed with supernatural
numbers, thus giving one more instance of the time-honored tradition of “ideal” num-
bers.
For each rational subgroup S ∈S(Q), let us de*ne
JS :=
{
q∈N | 1
q
∈ S
}
: (3.4)
Then the map S 
→ JS is an order-isomorphism from S(Q) onto I(Nd). The inverse
isomorphism is given by
J 
→ SJ :=
{
p
q
∈Q |p ∧ q = 1 and q∈ J
}
: (3.5)
Therefore, the composite map S 
→ JS 
→ JS is an order-isomorphism from S(Q)
onto G (see [15, Section 3.1], [16, p. 28]). Closing a circle of ideas, there is also
an order-isomorphism of the set MV(Q) of rational MV-algebras onto the set G of
supernatural numbers, and we have
Proposition 3.3. Let ∈G , J ⊆ Nd, and A ⊆ Q ∩ [0; 1] correspond under the above
isomorphisms G ∼= I(Nd) ∼=MV(Q). Then for each prime p and integer m¿ 0 we
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have
m6 (p) ⇔ pm ∈ J ⇔ 1=pm ∈A:
More generally, for every rational m=n∈Q with m ∧ n = 1 we have
n6  ⇔ n∈ J ⇔ m=n∈A:
3.2. The topological space G of supernatural numbers
Throughout this paper, the lattice G of supernatural numbers shall be equipped with
the topology having as an open basis all sets of the form
Un := {∈G | ¿n}; n = 1; 2; 3; : : : :
By abuse of notation, G shall also denote the resulting topological space. As the referee
pointed out, this topology coincides with the Scott topology [18]. A subbasis for this
topology is given by sets of the form
Up;m = {∈G |(p)¿m}; (3.6)
for p∈P and m∈N . Notice that under the isomorphism in Proposition 3.2, this topol-
ogy corresponds to the topology of I(Nd) having as an open basis the sets of the
form Un = {J ∈I(Nd)|n∈ J}, for each n∈N .
Lemma 3.4. Let X be a topological space, and {fi}i∈I be a family of continuous
functions from X into G . Then the pointwise join f(x) =
∨
i∈I fi(x) is continuous. If
I is =nite, then the pointwise meet g(x) =
∧
i∈I fi(x) is continuous.
Proof. Let Up;m be a subbasic open set of G . If x∈f−1(Up;m), then there exists ix ∈ I
such that x∈f−1ix (Up;m). Since fix is continuous, f−1ix (Up;m) is an open neighborhood
of x contained in f−1(Up;m). On the other hand, g−1(Up;m)=
⋂
i∈I f
−1
i (Up;m). Hence,
when I is *nite, g−1(Up;m) is open.
Corollary 3.5. For each topological space X , the set Cont(X;G) of continuous func-
tions from X into G , endowed with the pointwise structure, is a locale. Moreover,
this correspondence de=nes a contravariant functor T → L from the category of
topological spaces into the category L of locales.
For each ’ :T → S, ’∗ :Cont(S;G) → Cont(T;G) is given by composition: ’∗()=
’, for each ∈Cont(S;G).
3.3. The category C of multisets
In this section, we shall use supernatural numbers to construct a category of multisets.
In every Stone space X (also known as a “boolean space”), the clopen 4 sets form a
basis for the topology of X . Denoting by S the category of Stone spaces and continuous
maps, we de*ne the category C of multisets as follows:
4 Recall that a subset U of a topological space X is clopen if it is simultaneously open and closed.
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Objects: All pairs (S; ) such that S is a Stone space and  : S → G is continuous.
Morphisms: Whenever (R; +) and (S; ) are objects in C, then a morphism ’ :
(R; +) → (S; ) is a continuous function ’ :R → S such that +¿ ’, with respect
to the pointwise order.
Our next aim is to show that C inherits the limits of S. We begin by recalling some
routine material about limits indexed by a small 5 category J. A special case is when
J is a poset (that is, given any i; j∈ J , there is a unique arrow i → j when i6 j,
and none otherwise. The discrete order i6 j iG i = j is not excluded). Unless strictly
necessary, we shall not label the arrows i → j.
An (inverse) system in C indexed by J is a family ((Si; i))i∈J together with a
transition morphism (Sj; j) → (Si; i) for each morphism i → j in J. These data
are subject to the usual equations expressing that the correspondence i 
→ (Si; i) is a
contravariant functor Jop → C. Since morphisms (Sj; j) → (Si; i) are, in particular,
morphisms Sj → Si in S, it follows that (Si)i∈J is an inverse system in S. A cone in
S is a family (system) of morphisms ’i : S → Si, i∈ J, such that for all i → j the
following diagram is commutative:
S
Sj Si
j i
A limit 6 of the system in S, denoted S = limi∈J Si, is a universal cone. That is, it
is a cone ’i : S → Si such that for any other cone  i :T → Si, there exists a unique
morphism  :T → S compatible with the cones, in the sense that  i =’i for all i∈ J.
Notice that when J is a poset with the discrete order, the limit is just the product of
the family (Si)i∈J.
Lemma 3.6. Let {(Si; i)}i∈J be an inverse system in C. Suppose S = limi∈J Si in S.
Recalling Lemma 3.4, let ∈Cont(S;G) be de=ned by  =∨i∈J i’i. Then (S; ) =
limi∈J (Si; i) in C.
Proof. From the inequality i’i6  for each i∈ J, it follows that the ’i are morphisms
in C, and they de*ne a cone. Let now  i : (T; ) → (Si; i) for each i∈ J, be any other
cone in C, whence also a cone in S. Since S = limi∈J Si, there is a unique morphism
 :T → S such that  i = ’i for all i∈ J. To conclude the proof, we have only to
check that  is a morphism in C, that is,  6 . Indeed,
 =
(∨
i∈J
i’i
)
 =
∨
i∈J
(i’i ) =
∨
i∈J
(i i)6 ;
and the proof is complete.
5 A category is small provided that its objects, as well as all morphisms between objects, are sets.
6 “Inverse” limit, in the terminology of universal algebra. By reversing the arrows in the above de*nitions,
we obtain colimits or direct limits.
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Since the category of Stone spaces has all (inverse) limits, we immediately
obtain:
Corollary 3.7. The category C of multisets has all (inverse) limits. In particular, C
has (=nite and) in=nite products.
Remark 3.8. The construction of the category C from the category S and the locale
Cont(S;G) is a particular case of a more general construction. Following [22], we
de*ne a sup-lattice as a partially ordered set which admits suprema of arbitrary subsets.
We denote by SUP the category of sup-lattices and arbitrary join-preserving functions.
Given any category A together with a contravariant functor F :Aop → SUP, we de*ne
a category DF as follows: objects in DF are pairs (S; ) such that S is an object in A
and ∈F(S). Given objects (T; ) and (S; ) in DF, by a morphism ’ : (T; ) → (S; )
we understand a morphism ’ :T → S such that ¿F(’)(). This is Grothendieck’s
construction of the *bered category associated to a category-valued functor. 7 In the
particular case considered above, C =DF, where A = S, and F is the restriction to
Stone spaces of the functor de*ned in Corollary 3.5 (with the proviso that only the
sup-lattice structure of the locale Cont(S;G) is considered).
It is easy to check that the construction of limits in Lemma 3.6 also holds in the
general setting. 8
The category M of *nite multisets described in the Introduction is, just by de*nition,
the full subcategory of C whose objects are the pairs (S; ) with S is a *nite discrete
topological space, and  : S → G*n.
Remark 3.9. From Remark 5.2 and Theorem 6.9 below, it will follow that the category
C of multisets is the category of pro-objects (in the sense of [2], see [10]) over the
category M of *nite multisets. Thus, our multisets can be characterized as the (co)
*ltered limit completion of the usual *nite multisets. This should be compared with
the known fact that Stone spaces are pro-objects over the category of *nite sets.
4. MV-spectra, the functors X and C
We assume familiarity with MV-algebras. For all unexplained notions and notations,
we refer to [9]. Given an MV-algebra A, X(A) will denote the set of homomorphisms of
A into the MV-algebra [0; 1]. It is well known that the map . 
→ Ker(.)={a∈A | .(a)=
0} is a one–one correspondence between X(A) and the set of maximal ideals of A.
In particular, this implies that X(A) = ∅ (see [9, Corollary 1.2.15]). X(A) becomes a
compact HausdorG space with the topology inherited from the product space [0; 1]A,
7 Here we are considering sup-lattices as categories, by the usual interpretation of a partially ordered set
as a category.
8 While the construction of C is well known, we have been unable to *nd in the literature the appropriate
version of Lemma 3.6 for the general case.
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where [0; 1] is endowed with the usual topology as a closed subspace of R. An open
subbasis for the topology of X(A) is given by the sets of the form:
Wa;U = {.∈X(A) | .(a)∈U}; for a∈A and U open in [0; 1]: (4.7)
If A, B are MV-algebras, to each homomorphism h :A → B we associate the continuous
function X(h) :X(B) → X(A) de*ned by composition:
X(h)(.) = .h (4.8)
for all .∈X(B). It is immediate that X is a functor from the opposite of the cate-
gory MV of MV-algebras and homomorphisms to the category COMP of compact
HausdorG spaces and continuous functions.
For any topological space X we denote by Cont(X; [0; 1]), the MV-algebra of all
[0; 1]-valued continuous functions on X , with the pointwise operations. For any compact
HausdorG spaces X and Y , the MV-algebra C(X ) is de*ned by
C(X ) = Cont(X; [0; 1])
and for each continuous function f :Y → X we stipulate that
C(f) :C(X ) → C(Y )
is the homomorphism given by C(f)(g) = gf for each g∈C(Y ). Then we have a
functor C from the opposite of COMP to MV. There are natural transformations
from the respective identity functors to the composites id
5→CX and id 6→XC de*ned
as follows: To each a∈A, we can associate the continuous function aˆ :X(A) → [0; 1]
de*ned as aˆ(.)=.(a) for all .∈X(A). The correspondence a 
→ aˆ is a homomorphism
from A to Cont(X(A); [0; 1]). De*ne 5A(a) := aˆ. Similarly, to each x∈X we can
associate the homomorphism xˆ :Cont(X; [0; 1]) → [0; 1] de*ned as xˆ(f) = f(x) for
all f∈Cont(X; [0; 1]). The correspondence x 
→ xˆ is a continuous function from X
to Cont(X; [0; 1]). De*ne 6X (x) := xˆ. It is easy to see that both transformations are
natural. Further, we have the equations
id = C(6) ◦ 5C and id =X(5) ◦ 6X;
whence the pair of contravariant functors C, X, are adjoint on the right [25]. The
referee pointed out that these constructions, common to many classical dualities, are
developed in an abstract setting in [30].
Given a subalgebra A of Cont(X; [0; 1]), by abuse of notation we shall write 6X :X →
X(A) for the map that sends x to the restriction of xˆ to A. We say that A is separating
if given points x = y in X , there is f∈A such that f(x)=0 and f(y)¿ 0. When A is
separating, the map X 6X→X(A) is a continuous embedding. If, moreover, X is compact
and HausdorG, then the map x 
→ Jx = {f∈A |f(x) = 0} is a one–one correspondence
between X and the set of maximal ideals of A (see [9, Theorem 3.4.3]). Thus in this
case, the map 6X is a homeomorphism of X onto X(A):
Proposition 4.1. For any compact HausdorC space X and any separating subalgebra
A of Cont(X; [0; 1]), the map 6X :X → X(A); x 
→ xˆ is a homeomorphism.
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In particular, the homeomorphisms 6X de*ne an equivalence from the identity functor
of COMP to the composite map XC. Thus,
Proposition 4.2. The functor C :COMP → MV is full and faithful and determines
an equivalence between COMPop and the full subcategory of MV-algebras of the
form Cont(X; [0; 1]).
Remark 4.3. In [9, pp. 119–120] it is shown that for any compact HausdorG space X
the characteristic functions of the clopen sets of X , i.e., the continuous {0; 1}-valued
functions on X , belong to every separating subalgebra of Cont(X; [0; 1]).
For any MV-algebra A, the homomorphism A
5A→Cont(X(A); [0; 1]) is injective iG the
intersection of all maximal ideals of A is {0}, i.e., iG A is semisimple. Hence we have
the following characterization: an MV-algebra is semisimple iC it is isomorphic to a
separating subalgebra of the MV-algebra of all [0; 1]-valued continuous functions on
some nonempty compact HausdorC space, with pointwise operations (see [9, Corollary
3.6.8]).
Remark 4.4. From [9, Remark following Theorem 33.4.3] it follows that if X is a
compact HausdorG space and A is a separating subalgebra of Cont(X; [0; 1]), then the
zerosets Z(f) = f−1({0}) of the functions in A form a basis for the closed sets of
X . Since each semisimple MV-algebra is isomorphic to a separating subalgebra Aˆ of
Cont(X(A); [0; 1]), then an open basis for the topology of X(A) is given by the sets
of the form: Va = {.∈X(A) : .(a)¿ 0}, for a∈A.
Let A be an MV-algebra. An element a∈A is said to be archimedean if there is an
integer n¿ 1 such that n:a = (n + 1):a. The algebra A is said to be hyperarchimedean
if all its elements are archimedean (see [9, Section 6.3]).
Lemma 4.5. For every compact HausdorC space X we have
(i) f∈Cont(X; [0; 1]) is archimedean iC the zeroset Z(f) := f−1({0}) is open in
X .
(ii) The MV-algebra Cont(X; [0; 1]) has a hyperarchimedean separating subalgebra
iC X is a Stone space.
Proof. (i) Suppose *rst that f∈Cont(X; [0; 1]) is archimedean. Then there is an integer
n¿ 0 such that n:f = (n+ 1):f, whence X \Z(f) = {x∈X |f(x)¿ 0}=f−1([1=n; 1]),
and Z(f) is open. Conversely, suppose Z(f) is open. Then Y := {x∈X |f(x)¿ 0}
is closed in X , and since X is compact, Y is compact. Then there is s∈Y such that
f(y)¿f(s) for all s∈Y . Since f(s)¿ 0, there is n¿ 0 such that nf(y)¿ 1 for all
y∈Y , whence n:f = (n + 1):f, and f is archimedean.
(ii) Let A be a hyperarchimedean separating subalgebra of Cont(X; [0; 1]). Given
x = y in X , there is f∈A such that x∈Z(f) and y∈X \ Z(f). By (i), both Z(f)
and X \ Z(f) are clopen, and since X is compact and HausdorG, X is a Stone space.
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Conversely, if X is a Stone space, then B(X )={f∈Cont(X; [0; 1]) | range(f) ⊆ {0; 1}}
is a separating subalgebra of Cont(X; [0; 1]) which is a boolean algebra, whence a
fortiori, it is hyperarchimedean. As a matter of fact, in this case X is the Stone space of
the boolean algebra of clopen subsets of X , which is isomorphic to Cont(X; {0; 1}).
Lemma 4.6. Let X be a compact HausdorC space and let A be a separating subal-
gebra of Cont(X; [0; 1]) such that range(f) ⊆ Q for each f∈A. Then the following
statements are equivalent:
(i) A is hyperarchimedean,
(ii) The range of f is =nite for each f∈A,
(iii) A is a subalgebra of Cont(X;Qd∩ [0; 1]), where Qd denote the rationals endowed
with the discrete topology.
Proof. (i) ⇒ (ii): Suppose that there is f∈A such that range(f) is in*nite. Then
range(f) has an accumulation point y. Since X is compact, range(f) is closed. Hence
y∈ range(f) ⊆ Q ∩ [0; 1]. Therefore there are integers p; q, q¿ 0, such that y = p=q.
Since Cont(X(A);Q∩[0; 1])=(Cont(X(A);Q); 1), by Lemma 2.1, A=(H; 1), where
H is the sub-‘-group of Cont(X(A);Q) generated by A. Hence the function h = 1 ∧
|qf − p| belongs to H . Since 0 is an accumulation point of range(h), Z(h) is not
open, and by Lemma 4.5(i), it follows that h is not archimedean. Hence A is not
hyperarchimedean.
(ii) ⇒ (iii): This follows from the fact that a Q-valued function over X having a
*nite range, is continuous with respect to the topology of Q inherited from R iG it is
continuous with respect to the discrete topology of Q.
(iii) ⇒ (i): If the functions in A are (Qd ∩ [0; 1])-continuous they are also (Q ∩
[0; 1])-continuous, and moreover the zeroset Z(f) is clopen for each f∈A. Hence the
result follows from Lemma 4.5(i).
Remark 4.7. The set X ={0}∪{1=n | n=1; 2; 3; : : :}, with the topology inherited from R,
is a Stone space. The identity map is a continuous Q-valued function of in*nite range.
This shows that there are Stone spaces X such that the MV-algebra Cont(X; [0; 1])
is not hyperarchimedean; thus, item (ii) in Lemma 4.6 is a condition on the whole
algebra A, and not on the individual elements of A.
5. The category of locally nite MV-algebras
An MV-algebra is said to be locally =nite iG all its *nitely generated subalgebras
are *nite. 9 The category of locally *nite MV-algebras shall be denoted LFMV. Every
9 A word of caution is necessary here. We are giving to “locally *nite” its usual algebraic meaning, but in
MV-algebras literature, “locally *nite” is sometimes used as a synonym of “simple”, i.e., “having no proper
homomorphic images”. This latter use is incompatible with the standard usage: indeed, there exist in*nite
simple MV-algebras that are generated by one element (see, for instance, [9, Corollary 7.2.7]), hence they
are not locally *nite in the usual sense.
R. Cignoli et al. / Journal of Pure and Applied Algebra 189 (2004) 37–59 49
boolean algebra is a locally *nite MV-algebra. In the next theorem, we collect some
characterizations of locally *nite MV-algebras.
Theorem 5.1. The following conditions are equivalent for any MV-algebra A:
(i) A is locally =nite.
(ii) For each prime ideal J of A, the quotient A=J is isomorphic to a subalgebra of
Q ∩ [0; 1].
(iii) X(A) is a Stone space, the correspondence a 
→ aˆ is an isomorphism of A onto
a separating subalgebra of Cont(X(A);Q ∩ [0; 1]), and each function aˆ has a
=nite range.
(iv) There is a Stone space X such that A is isomorphic to a separating subalgebra
of the MV-algebra Cont(X;Q ∩ [0; 1]) formed by functions of =nite range.
(v) There is a set I such that A is isomorphic to a subalgebra of the MV-algebra
(Q ∩ [0; 1])I formed by functions of =nite range.
(vi) A is a colimit (also known as a “direct” limit, in universal algebra) of a =ltered
system of =nite MV-algebras with injective transition morphisms.
Proof. (i) ⇒ (ii): Locally *nite MV-algebras are hyperarchimedean. Indeed, let A be
a locally *nite MV-algebra and a∈A. Since n:a is in the subalgebra of A generated by
a, there is an integer n¿ 1 such that n:a = (n + 1):a. Then all the elements of A are
archimedean, and this means that A is hyperarchimedean. Hence all prime ideals of A
are maximal (see [9, Theorem 6.3.2]), whence, for each prime ideal J of A there is a
unique embedding h :A=J → [0; 1]. Given a∈A, let Sa be the subalgebra of A generated
by a. Then h(Sa) is a *nite subalgebra of [0; 1], whence h(a)∈ h(Sa) ⊆ Q ∩ [0; 1].
(ii) ⇒ (iii): Condition (ii) implies that all prime ideals of A are maximal. There-
fore A is hyperarchimedean [9, Theorem 6.3.2]. Further, X(A) is a Stone space [9,
Corollary 6.3.5], and since hyperarchimedean MV-algebras are semisimple, 5A :A →
Cont(X(A); [0; 1]) is an embedding. Hence Aˆ := 5A(A) is a separating subalgebra of
Cont(X(A); [0; 1]). Since A=Ker(.) is isomorphic to a subalgebra of Q∩ [0; 1] for each
.∈X(A), we can write aˆ(.) = .(a)∈Q ∩ [0; 1]. Thus range (aˆ) ⊆ Q ∩ [0; 1] for each
a∈A, and (iii) follows from Lemma 4.6.
(iii) ⇒ (iv) and (iv) ⇒ (v) are trivial.
(v) ⇒ (i): Suppose that A is isomorphic to a subalgebra Aˆ of the MV-algebra
(Q∩[0; 1])I for some set I = ∅, and that all f∈ Aˆ are of *nite range. Let {f1; : : : ; fn} ⊆
Aˆ. Then there is a *nite partition of I , say I = I1∪· · ·∪ Ik , such that each fi is constant
on each component Ij: fi = pij=qij, 16 i6 n, 16 j6 k. Over each Ij, the possible
values of the functions in the subalgebra S of Aˆ generated by f1; : : : ; fn are integer
multiples of 1qj , where qj is the least common multiple of {q1j; : : : ; qnj}. Thus the
restriction of S to each component Ij is isomorphic to a subalgebra of Lqj , and then
S is isomorphic to a subalgebra of
∏k
j=1 Lqj . This shows that Aˆ is locally *nite, and
so is A.
(i) ⇔ (vi): As a particular case of a well-known fact in universal algebra, each
MV-algebra B is a *ltered (direct) limit of the directed set of its *nitely generated
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subalgebras (see, for instance, [19, Section 21] or [21, p. 72]). In categorical terms, B
is the *ltered colimit of its *nite subalgebras. It is not hard to see that *ltered colimits
of *nite algebras with injective transition functions are locally *nite.
Remark 5.2. In part (vi) of the above theorem, the *ltered colimits of *nite MV-
algebras are free, in the sense that the category of locally *nite MV-algebras is the
*ltered colimit completion of *nite MV-algebras. This means that the category of
locally *nite MV-algebras is the category of ind-objects (in the sense of [2]) over the
category of *nite MV-algebras. This follows from the fact that *nite MV-algebras have
a *nite presentation, a nontrivial result (see [10] for details).
Remark 5.3. From part (iii) in the above theorem and Lemma 4.6 we easily obtain
that an MV-algebra A is locally *nite iG it is semisimple and an open subbasis for the
topology of X(A) is given by sets of the form
Wa;r = {.∈X(A)|.(a) = r}; for all a∈A and r ∈ [0; 1] ∩Q:
(cf. with (4.7)).
Direct inspection shows that subalgebras and homomorphic images of locally *-
nite algebras are locally *nite. But locally *nite MV-algebras are not closed under
direct products. For instance, the product
∏
n¿2 Ln is not even hyperarchimedean (see
[9, p. 116]). This just shows that the appropriate (categorical) notion of product in
the category of locally *nite MV-algebras is not the one arising from the variety of
MV-algebras. As an application of (v) in Theorem 5.1, we show in the next theorem
that the category LFMV of locally *nite MV-algebras has products.
Theorem 5.4. For any set I = ∅ and family {Ai}i∈I of locally =nite MV-algebras,
there exists a locally =nite MV-algebra P, together with morphisms +i :P → Ai,
for each i∈ I , satisfying the following universal property: Given any locally =nite
MV-algebra B and morphisms fi :B → Ai, for i∈ I , there is a unique homomorphism
h :B → P making the following diagram commutative, for each i∈ I :
Ai
B Ph
fi i
(5.9)
Proof. Let A =
∏
i∈I Ai, and for each i∈ I , let <i :A → Ai, i∈ I , be the ith coordinate
function. By Theorem 5.1(v), we can safely assume that each Ai is a subalgebra of
(Q ∩ [0; 1])Xi formed by functions of *nite range, for a suitable set Xi. Hence, if X
denotes the disjoint union
∐
i∈I Xi, A is isomorphic to a subalgebra of (Q ∩ [0; 1])X .
Let P be the subalgebra of A of all functions of *nite range and let ’ :P → A be the
inclusion map. Again by Theorem 5.1(v), P is a locally *nite MV-algebra. We claim
that every locally *nite subalgebra of A is a subalgebra of P. Indeed, let g be a function
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of A of in*nite range and let S be the subalgebra of A generated by g. For each point
x∈X , we have the homomorphism xˆ : S → Q∩ [0; 1] given by evaluation: xˆ(f)=f(x).
Since g(x) = g(y) implies xˆ = yˆ, there are in*nitely many homomorphisms from S
into Q∩ [0; 1], and S is not *nite. Our claim is settled. To conclude the proof, suppose
that B is a locally *nite MV-algebra, together with homomorphisms fi :B → Ai, i∈ I .
By the universal property of the direct product in the category of MV-algebras, there
is a unique homomorphism h :B → A making the following diagram commutative, for
each i∈ I :
B h A
fi i
Ai
Since h(B) is a locally *nite subalgebra of A, we have h(B) ⊆ P. Hence h factors
through P. Consequently, letting +i denote the restriction of <i to P, it follows that
(P; {+i}i∈I ) satis*es the universal property (5.9).
Since the class of locally *nite MV-algebras is closed under subalgebras, and the
inverse limit of a *ltered inverse system is a subalgebra of the product, we have:
Corollary 5.5. The category LFMV has all (inverse) limits.
6. Locally nite MV-algebras and multisets
Our aim in this section is to construct an equivalence between the category LFMV
of locally *nite MV-algebras and the opposite of the category C of multisets considered
in Section 3. We start by de*ning a functor M : LFMV→ Cop.
6.1. Construction of the functor M : LFMV→ Cop
Given a locally *nite MV-algebra A, we know that X(A) is a Stone space, and that
for each .∈X(A), A=Ker(.) ∼= .(A) is a subalgebra of Q ∩ [0; 1]. By Proposition 3.3,
we can associate with S. the generalized natural number . such that for each prime
number p, .(p)=n if n is the greatest integer ¿ 0 such that 1=pn ∈ S. and .(p)=∞
if 1=pk ∈ S. for every integer k¿ 0. De*ne A :X(A) → G as A(.) = . for each
.∈X(A). To prove that A is continuous, we shall show that the inverse image of
a generic subbasic open set of G is open in X(A). Indeed, with reference to (3.6),
.∈ −1A (Up; m) iG .(p)¿m iG 1=pm ∈ .(A) iG there is a∈A such that .(a) = 1=pm.
Hence, recalling Remark 5.3, we have −1A (Up;m) = Wa; 1pn
, which is open in X(A).
Therefore, (X(A); A) is an object in C, and we de*ne
M(A) = (X(A); A):
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Let A, B be locally *nite MV-algebras, and h :A → B be a homomorphism. Recalling
(4.8), for each .∈X(B), .(h(A)) is a subalgebra of .(B). Hence A(X(h)(.))6 B(.),
whence X(h) is a morphism in C, and we de*ne
M(h) =X(h):
It is easy to check that M is a functor from LFMV to Cop, as required.
6.2. Sheaves of MV-algebras
To proceed with our construction of the duality between locally *nite MV-algebras
and multisets, we need some results on sheaves of MV-algebras, for short, MV-sheaves.
The following de*nitions are particular cases of well-known notions and constructions
(see, e.g., [14,23]), and are given here in detail for the sake of readability.
Denition 6.1. By a sheaf of MV-algebras over the base space X , we understand a
triple E = (E; X; <) such that:
S1. E and X are topological spaces and < :E → X is a local homeomorphism, i.e.,
a surjective function such that for every e∈E there are open neighborhoods V
and U of e in E and of <(e) in X , respectively, such that the restriction <|V is a
homeomorphism from V onto U .
S2. For each x∈X the stalk Ex := <−1({x}) is an MV-algebra.
S3. The mapping e 
→@e is continuous from E onto E.
S4. The mapping (e; f) 
→ e⊕f is continuous from the subspace {(e; f)∈E×E : <(e)=
<(f)} of the product space E × E, into E.
When E is a HausdorG space we say that (E; X; <) is a HausdorC sheaf.
Let U be an open subset of X . A section on U is a continuous function s :U → E
such that <(s(x)) = x for all x∈U . Sections on subsets of X are called local, and
sections on X are called global. Property S1 means that each e∈E is in the image of
a local section, and moreover, that the images of the local sections form a basis for
the topology of E. The sheaf E is said to be global if each point e∈E is in the image
of some global section. From the above discussion we obtain:
S5. Let E be a global sheaf. A set V ⊆ E is open iG s−1(V ) is open in X for each
section s.
In what follows, we shall consider only global sheaves and global sections, and then
the adjective “global” shall be omitted throughout.
It is well known (and an easy consequence of S1) that given two sections s; t of E
the set <s = t== {x∈X : s(x) = t(x)} is open. Hence if E is HausdorG, the set <s = t= is
clopen. Using properties S3 and S4, we obtain that the set of sections, equipped with
the pointwise operations @ and ⊕, is a subalgebra of the direct product ∏x∈X Ex.
Therefore it is an MV-algebra, that will be denoted by A(E). Since we are considering
global sheaves, A(E) is a subdirect product of the family (Ex)x∈X . In particular, the
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mapping x 
→ 0x, where 0x is the zero of the MV-algebra Ex, de*nes a section of E,
that will be denoted by O (see [4, Lemma 10.4.5]).
Remark 6.2. Given any clopen U ⊆ X , we de*ne the map sU :X → E by stipulating
that sU (x) = 1x for x∈U and sU (x) = 0x for x ∈ U . Since for each open V ⊆ E,
s−1U (V ) = (U ∩ (@O)−1(V )) ∪ ((X \ U ) ∩ O−1(V )), we have sU ∈A(E).
Denition 6.3. Let E= (E; X; <) be a sheaf of simple MV-algebras (i.e., Ex is a simple
MV-algebra for each x∈X ). For each x∈X , let >x :Ex → [0; 1] be the unique embed-
ding (see [9, Theorem 3.5.1 and Corollary 7.2.6]). De*ne now the map > :E → [0; 1] by
writing >(e)=><(e)(e) for each e∈E. Observing that A(E) is a semisimple MV-algebra,
further de*ne the map ’ :X → X(A(E)) by stipulating that ’(x)(s) = >(s(x)) for all
x∈X and s∈A(E).
Lemma 6.4. For each HausdorC sheaf E = (E; X; <) of simple MV-algebras, both
functions > :E → [0; 1] and ’ :X → X(A(E)) are continuous.
Proof. If s∈A(E) and Vs={.∈X(A(E)): .(s)¿ 0}, then ’−1(Vs)={s(x)¿ 0x}=X \
<s = O=. Since E is HausdorG, then ’−1(Vs) is open (as a matter of fact, it is clopen).
Therefore, in the light of Remark 4.4, ’ is continuous. Let now U be an open subset
of [0; 1]. With the notation of (4.7), the continuity of ’ implies that for each s∈A(E),
’−1(Ws;U ) = s−1(>−1(U )) is open in X . Hence, by property S5, >−1(U ) is open in E,
and consequently, > is continuous.
The continuity of > means that the correspondence e 
→ (<(e); >(e)) is a continuous
injection of E into the product X × [0; 1], where [0; 1] is endowed with the usual
topology. The following de*nition is a particular case of the notion of morphism of
sheaves, possibly over diGerent base spaces.
Denition 6.5. A morphism of sheaves of MV-algebras E=(E; X; <1) and F=(F; Y; <2)
is a pair (f;), where:
SM1. f :X → Y is a continuous function, and
SM2.  is a family (x)x∈X of MV-homomorphisms x :Ff(x) → Ex such that for each
section s of F , the map x 
→ x(s(f(x))) is a section of E.
6.3. The category E of HausdorC sheaves of rational MV-algebras
With the above de*nition of morphisms, sheaves of MV-algebras form a category.
In this paper, we are interested in the subcategory E whose objects are the HausdorG
sheaves of MV-algebras E= (E; X; <) where X ranges over arbitrary Stone spaces, and
for each x∈X , the stalk Ex is isomorphic to a subalgebra of Q ∩ [0; 1]. A simpler
presentation of E will be given below in Lemma 6.7.
Theorem 6.6. If E = (E; X; <) is an object in E, then A(E) is a locally =nite MV-
algebra, which is isomorphic to a separating subalgebra of Cont(X;Qd ∩ [0; 1]).
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Proof. For each s∈A(E), de*ne >∗ as the composite map >s. From Lemma 6.4, it
follows that >∗ :A(E) → Cont(X; [0; 1]) is an embedding. Hence, recalling Remark
6.2, we obtain that >∗ is an isomorphism from A(E) onto a separating subalgebra of
Cont(X; [0; 1]). Since for each section s, we have Z(>s) = <s = O=, by Lemma 4.5 it
follows that the functions >∗(s) are archimedean, and since they are Q-valued, the
desired conclusion follows from Theorem 5.1(iii) together with Lemma 4.6.
The above theorem provides relevant information about the topological structure of the
objects E = (X; E; <) in E. Indeed, from Lemma 4.6, it follows that the functions in
the algebra >∗(A(E)), i.e., the composite maps >s, for s∈A(E), are continuous from
X into Qd ∩ [0; 1]. Hence for each r ∈Q ∩ [0; 1], (>s)−1({r}) = s−1(>−1({r})) is open
in X , and by property S5, >−1({r}) is open in E. This means that for each object E
in E, > is also continuous with respect to the discrete topology of Q ∩ [0; 1]. Then
(<; >) :E → X × (Qd ∩ [0; 1]) is a continuous injection. Hence the sets (<; >)−1(U ×
{r}) = <−1(U ) ∩ >−1({r}), for r ∈Q ∩ [0; 1] and U open in X , are open in E, and
since they form a basis for the open sets of E, it follows that the image (<; >)(E) is
homeomorphic to a subspace of X × (Qd ∩ [0; 1]). Summing up, we have:
A function t :X → E such that <(t(x))=x for all x∈X is a section iC the composite
map >t :X → Qd ∩ [0; 1] is continuous.
Indeed, t−1(<−1(U )∩>−1({r}))=U∩t−1(>−1({r})), which is open in X iG (>t)−1({r})
is open in X .
The following lemma further clari*es the special features of the sheaves of E, and
also yields a simple characterization of morphisms.
Lemma 6.7. Let E = (E; X; <) and F = (F; Y; +) be objects in E. For each continuous
function f :X → Y there is at most one family  of homomorphisms {x :Ff(x) →
Ex}x∈X ful=lling condition SM2 in De=nition 6.5. Such a family exists iC Ff(x) is
isomorphic to a subalgebra of Ex iC >(Ff(x)) ⊆ >(Ex), for all x∈X .
Proof. Because Ff(x) is a simple MV-algebra, if there is a morphism x :Ff(x) → Ex,
then x must be injective. Since [9, Theorem 3.5.1 and Corollary 7.2.6] each subalgebra
of a simple MV-algebra is simple and the identity is the only automorphism of a
simple MV-algebra, there can be at most one morphism  :Ff(x) → Ex. Thus, x
exists iG >(Ff(x)) ⊆ >(Ex) and the composite map >x is the inclusion. If the family
of morphisms {x}x∈X exists, then for each x∈X we have a commuting triangle
[0, 1]
ExFf (x)
x

(6.10)
Let s∈A(F). Since for each x∈X , <(x(s(f(x)))) = x, >(x(s(f(x)))) = >(s((f(x))),
and the composite map >sf :X → Qd ∩ [0; 1] is continuous, from the above discussion
on the topology of E it follows that the mapping x 
→ x(s(f(x))) is a section of E.
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Hence if the family {x}x∈X exists, it is uniquely determined by (6.10) and automat-
ically satis*es condition SM2 in De*nition 6.5.
6.4. Construction of the functor G : Eop → LFMV
For each object E in E, let us write G(E) = A(E); further, for any morphism (f;)
from E = (E; X; <) into F = (F; Y; +), the map G(f;) :A(F) → A(E) is de*ned by
G(f;)(s(x))=x(s(f(x))), for each s∈A(F) and x∈X . Direct inspection shows that
G(f;) is a morphism of MV-algebras, and that G is a functor.
6.5. Construction of the functor S :C→ E
Given a multiset M =X →G let Ax be the subalgebra corresponding, via Proposition
3.3, to the supernatural number (x), and let EM be the disjoint union of the subalgebras
Ax; (x∈X ); equipped with the canonical projection into X . In symbols,
EM = {(x; r)|r ∈Ax ⊆ Q ∩ [0; 1]}; E <M→ X; <M (x; r) = x:
Let EM
>→Q∩ [0; 1] be the projection, >(x; r)=r. Notice that >(Ex)=Ax. We can de*ne
in E = EM the topology generated by the subbasic sets of the form (U ×{r})∩E, for
U open in X and r ∈Q ∩ [0; 1]. Since  is continuous, given any e = (x; r)∈E, the
set <M (>−1({r})) is open, whence there is an open subspace U of X such that x∈U ,
and U ⊆ <M (>−1({r})). Thus U × {r} ⊆ >−1({r}) ⊆ E, and <M becomes a local
homeomorphism. If for e = (x; u) and f = (x; v) in {x}×Ax, we de*ne @e := (x;@u)
and e ⊕ f = (x; u⊕ v), then the MV-algebra Ex becomes isomorphic to Ax. It is easy
to verify that @ is a continuous operation from E into E and that the map ⊕ is
continuous from {(e; f)∈E×E: <M (e) = <M (f)} into E. Therefore, E = (EM ; X; <M )
is an object in E. Suppose that N=Y →G is another multiset, and f : (X; ) → (Y; ) is a
morphism. Since by de*nition, for each x∈X , (f(x))6 (x), then by Proposition 3.3
and Lemma 6.7, f determines a unique morphism (f;) from (E; X; <) to (E; Y; <).
Therefore, upon letting S(M) =EM for each object M =X
→G in C, and also letting
S(f)=(f;) for each morphism f of M =X →G to N =Y →G , we obtain a functor
S from C to E, as required.
6.6. Equivalence between the categories LFMV and Cop
We are now in a position to establish the main result of our paper: the duality
between the category of locally *nite MV-algebras and the category of multisets. We
have constructed three functors as follows:
G
LFMV
M
Cop
S
Eop (6.11)
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Recalling De*nition 6.3, for each locally *nite MV-algebra A, the mapping a 
→ >∗aˆ
de*nes an isomorphism S5A from A onto G(S(M(A))), and for each homomorphism
h :A → B the following diagram commutes:
A h−−−−−−−−−−−−−−−−−−→ B
S5A

 S5B
G(S(M(A)))
G(S(M(’)))−−−−−−−−−−→ G(S(M(B)))
Proposition 4.1 and Theorem 6.6 are now to the eGect that, for each multiset M=X →G ,
the correspondence x 
→ xˆ is a homeomorphism X :X → X(A(E(M))), and since
 = A(E(M)), X is an isomorphism from M onto M(G(S(M))). Moreover, for each
morphism (X; )
’→ (Y; ), the following diagram is commutative:
(X; )
’−−−−−−−−−−−−−−−−−−→ (Y; )
X
 Y

M(G(S((X; ))))
M(G(S(’)))−−−−−−−−−→ M(G(S((Y; ))))
We have proved
Theorem 6.8. The quadruple (M;GS; S5; ) de=nes an equivalence between the cate-
gories LFMV and Cop.
Let E = (E; X; <) be an object in E, and let M =M(G((E))) = (X(A(E)); A(E)).
As before, the correspondence x 
→ xˆ de*nes a homeomorphism X :X → X(A(E)).
Moreover, since for each x∈X , E(M)xˆ is an MV-algebra isomorphic to Ex, X de*nes
an isomorphism ’E from E onto S(M(G(E))). It is now easy to complete the proof
of the next theorem.
Theorem 6.9. The quadruple (SM;G; S5; ’) de=nes an equivalence between the cate-
gories LFMV and Eop.
This theorem can be also proved without resorting to the category C, by directly
associating with each locally *nite MV-algebra A a sheaf of subalgebras of Q ∩ [0; 1]
over the Stone space X(A). The construction is quite similar to the one given in [23]
to represent ‘-groups by sections of sheaves (see also [14]).
Corollary 6.10. The categories C and E are naturally equivalent.
Algebras of global sections of HausdorG sheaves over Stone spaces are known as
boolean products in the literature on universal algebra (see [6]). Then the objects in E
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Table 1
Dual classes of MV-algebras and multisets
Classes of MV-algebras [9] Subcategories of C
Finite MV-algebras Finite products of *nite chains M= *nite multisets
Boolean algebras BP {0; 1}= L2 ∀x (x) = 1
n-Homogeneous BP Ln ∀x (x) = n−1
Variety generated by Ln BPS Ln ∀x (x)¡n
n-Bounded BP Lk– , 26 k–6 n ∀x ∃k ¡n; (x) = k
Liminary [11] BP *nite chains [9] ∀x (x)¡∞
Dyadic [27] BPS { a
2b
|a; b∈Z} ∩ [0; 1] C2; see below
Locally *nite BPS Q ∩ [0; 1] C
Hyperarchimedean BPS [0; 1] larger than C
are boolean products of subalgebras of Q∩ [0; 1], and we have the following theorem,
which can be also derived from the results of [9, Section 6.5] (also see [12]):
Theorem 6.11. An MV-algebra is locally =nite iC it is isomorphic to a boolean prod-
uct of subalgebras of Q ∩ [0; 1].
As an immediate consequence of our duality, from Corollary 3.7 we get:
Corollary 6.12. The category LFMV of locally =nite MV-algebras has colimits and,
in particular, LFMV has coproducts.
The LFMV-coproduct of a family of locally *nite MV-algebras Fi can be di-
rectly constructed as the quotient
∐
MV Fi=R of the MV-coproduct by its radical R =
Rad(
∐
MV Fi). It is an open problem whether R = {0}.
7. Final remarks
Given any supernatural number ∈G , let L be the MV-algebra corresponding to 
under the isomorphism G ∼= MV(Q) of Proposition 3.3. We can associate to  the
class BP(L) of -homogeneous MV-algebras, that is, boolean products of L. On the
other hand, regarding Stone spaces as multisets having constant multiplicity equal to
, we get diGerent embeddings of the category S of Stone spaces in the category C of
multisets. By restriction, the functors M and GS establish a duality between BP(L)
and S. It follows that the categories determined by these classes are all equivalent.
When  = 1, we obtain the classical Stone duality.
Also, by restriction, the functors M and GS establish dualities between several other
interesting subclasses of locally *nite MV-algebras and subcategories of multisets. We
summarize some of these dualities in Table 1. Here “BP” stands for “boolean product
of”, “BPS” stands for “boolean product of subalgebras of”, and the algebras Ln =Ln−1
are de*ned in 2.3.
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Note that *nite direct products are a particular case of boolean products, and recall
[9, Corollary 6.5.6] that hyperarchimedean MV-algebras coincide with boolean products
of subalgebras of [0; 1].
As an alternative approach, one might reasonably de*ne “multisets” by equipping the
set of *nite multiplicities with the usual total order of N (in place of the divisibility
lattice-order Nd). In this approach, the locale N ′ = N ∪ {∞} takes the place of the
locale G of supernatural numbers. Let us equip N ′ with the Scott topology. Given
a Stone space S, the same argument in the proof of Lemma 3.4 shows that the set
Cont(S;N ′) is a locale. The corresponding construction of the category of multisets,
denoted now D, follows the same lines: in the light of Remark 3.8, we can safely use
the locale Cont(S;N ′) instead of Cont(S;G).
The two categories of multisets C and D can be related in several ways: Any prime
number p determines the order embedding 6p :N → Nd given by 6p(k) = p(k−1). By
composition with the morphism  :Nd → G*n of Section 3, the map 6p is extended to
a morphism 6p :N ′ → G of sup-lattices (which, in addition, is an order embedding),
via the following stipulation, for each x∈N ′:
(6p(x))(p) = x − 1; (6p(∞))(p) =∞; and (6p(x))(q) = 0
if q = p:
Hence we can identify N ′ with the subsup-lattice Gp of G formed by those supernatural
numbers constantly taking the value zero except possibly at p. We warn the reader
that 6p does not preserve the empty meet (= top element). Thus, 6p is not a locale
morphism, and Gp is not a sublocale of G . Also notice that 6p(k) = p(k−1) for any
k = 1; 2; 3; : : :.
One immediately checks that the map 6p is continuous for the Scott topology,
whence (by composition) it de*nes an injective natural transformation of functors
Cont(−;N ′) → Cont(−;G), which in turn determines an inverse-limit-preserving, full
and faithful functor Fp :D → C. The map sending every (S; )∈D to the multi-
set Fp((S; )) = (S; 6p) allows us to identify D with the full subcategory (closed
under inverse limits) Cp of C determined by those multisets whose multiplicities
are only taken from Gp. The subclass of locally *nite MV-algebras corresponding
to these special multisets precisely consists of boolean products of the MV-algebra
{a=pb|06 a; b∈Z} ∩ [0; 1] and its subalgebras. It follows that these categories of
MV-algebras are equivalent for all primes p.
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